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Abstract
We generalize the wave functions of the displaced and squeezed number states, found by Nieto,
to a time-dependent harmonic oscillator with variable mass and frequency. These time-dependent
displaced and squeezed number states are obtained by first squeezing and then displacing the
exact number states and are exact solutions of the Schro¨dinger equation. Further, these wave
functions are the time-dependent squeezed harmonic-oscillator wave functions centered at classical
trajectories.
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Recently, Nieto found the wave functions of the displaced and squeezed number states
for a static oscillator [1]. These states are an extension of the displaced (coherent) and
squeezed states of the vacuum state. The coherent states, actually discovered by Scho¨dinger
[2], have been developed as a useful concept and tool in quantum optics [3]. A general class of
Gaussian states beyond the vacuum state was first considered in Ref. 4, and these squeezed
states were defined further in terms of the squeeze operator [5]. The displaced and squeezed
states were also introduced [6], and the displaced number states, as well as the squeezed
number states, were found [7]. The squeezed number states show the super-Poissonicity of
photon statistics.
On the other hand, Lewis and Riesenfeld [8] introduced the invariant method to find the
Fock space of exact states of time-dependent oscillators (for a review and references, see Refs.
9 and 10). Based on the invariant method, the coherent states of time-dependent oscillators
were found [11, 12, 13], and the squeezed states were studied [14, 15, 16]. Through the use
of the evolution in terms of su(1,1) algebra, the displaced and squeezed number states were
found for a general driven time-dependent oscillator [17].
The purpose of this paper is to find the displaced and squeezed number states and their
wave functions for a time-dependent oscillator with variable mass and frequency. A time-
dependent oscillator also has time-dependent annihilation and creation operators, the invari-
ant operators satisfying the quantum Liouville-von Neumann equation, whose number states
are the exact solutions of the time-dependent Schro¨dinger equation [11, 15, 16, 18, 19, 20].
We find the invariant displacement and squeeze operators that map the exact number states
into the displaced and squeezed number states. For a static oscillator, we compare these
wave functions with those of Ref. 1.
We consider a time-dependent oscillator with variable mass and frequency and with a
Hamiltonian given by
Hˆ(t) =
1
2m(t)
pˆ2 +
1
2
m(t)ω2(t)xˆ2, (1)
and use the invariant operator method to find the Fock space of exact number states. Two
linear invariant operators are introduced [11, 15, 16, 18]:
aˆ(t) =
i√
h¯
[u∗(t)pˆ−m(t)u˙∗(t)xˆ],
aˆ†(t) = − i√
h¯
[u(t)pˆ−m(t)u˙(t)xˆ], (2)
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where u is a complex solution to the classical equation of motion,
u¨(t) +
m˙(t)
m(t)
u˙(t) + ω2(t)u(t) = 0. (3)
With the Wronskian condition,
m(t)[u(t)u˙∗(t)− u∗(t)u˙(t)] = i, (4)
imposed, the operators in Eq. (2) satisfy the usual commutation relation at equal times
[aˆ(t), aˆ†(t)] = 1, (5)
and play the roles of time-dependent annihilation and creation operators. As the Hamilto-
nian in Eq. (1) has the representation
Hˆ(t) =
h¯m
2
[(u˙∗u˙+ ω2u∗u)(aˆ†aˆ+ aˆaˆ†) + (u˙∗2 + ω2u∗2)aˆ†2 + (u˙2 + ω2u2)aˆ2], (6)
aˆ(t) and aˆ†(t) do not necessarily diagonalize the Hamiltonian. The condition for diagonal-
ization of the Hamiltonian is given by the equation
u˙2(t) + ω2u2(t) = 0. (7)
Equation (7) is exactly satisfied by u(t) = e−iω0t/
√
2m0ω0 for a static oscillator with
constant m0 and ω0 and is approximately satisfied by the adiabatic (WKB) solution,
u(t) = e−i
∫
ω(t)/
√
2mω(t), for slowly varying mass and frequency. Except for these cases, the
number operator Nˆ(t) = aˆ†(t)aˆ(t) does not commute with the Hamiltonian Hˆ(t). However,
the number operator Nˆ(t), which is another invariant operator, still provides the exact wave
functions of number states for the time-dependent Schro¨dinger equation [18]:
Ψn(x, u(t)) =
(
1
2nn!
√
2pih¯ρ
)1/2
e−iΘ(n+1/2)Hn
(
x√
2h¯ρ
)
exp
[
imu˙∗
2h¯u∗
x2
]
, (8)
where u(t) = ρ(t)e−iΘ(t).
As Eq. (3) is linear, the most general complex solution can take the form
uν(t) = µu0(t) + νu
∗
0(t), (9)
where
µ = cosh r, ν = e−iφ sinh r, (10)
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and u0(t) is some preferred complex solution that satisfies Eq. (4). The preferred solution
may be chosen based on, for instance, the minimum uncertainty or energy expectation value
[15, 16]. Here, we have fixed the overall phase of Eq. (10) since the wave functions in Eq.
(8) do not depend on it. In fact, ν (or the two real constants, r and φ) is the squeezing
parameter of the Bogoliubov transformation
aˆν(t) = (cosh r)aˆ0(t)− (eiφ sinh r)aˆ†0(t),
aˆ†ν(t) = (cosh r)aˆ
†
0(t)− (e−iφ sinh r)aˆ0(t), (11)
where aˆν(t), aˆ
†
ν(t), and aˆ0(t), aˆ
†
0(t) are the operators obtained by substituting uν(t) and u0(t),
respectively, into Eq. (2). Note that the subscript 0 in this paper denotes the zero squeezing
parameter instead of a static oscillator with constant frequency and mass. In terms of the
squeeze operator [5]
Sˆ(ν, t) = exp
[
1
2
(νeipi)aˆ†20 (t)−
1
2
(νeipi)∗aˆ20(t)
]
, (12)
the Bogoliubov transformation is written as
aˆν(t) = Sˆ(ν, t) aˆ0(t) Sˆ
†(ν, t),
aˆ†ν(t) = Sˆ(ν, t) aˆ
†
0(t) Sˆ
†(ν, t). (13)
The number operators Nˆ0(t) = aˆ
†
0(t)aˆ0(t) and Nˆν(t) = aˆ
†
ν(t)aˆν(t) do not, in general,
commute with each other,
[Nˆν(t), Nˆ0(t)] = sinh 2r[e
iφaˆ†20 (t)− e−iφaˆ20(t)], (14)
though they commute only for the trivial case of zero squeezing (r = 0). Nevertheless, they,
being invariant operators, lead to the exact number states for the oscillator in Eq. (1),
Nˆ0(t)|n, t〉 = n|n, t〉,
Nˆν(t)|ν, n, t〉 = n|ν, n, t〉, (15)
and to their wave functions
〈x|n, t〉 = Ψn(x, u0(t)),
〈x|ν, n, t〉 = Ψn(x, uν(t)). (16)
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Here Ψn(x, u0(t)) and Ψn(x, uν(t)) are the wave functions in Eq. (8) obtained by using u0(t)
and uν(t), respectively. Due to the unitary transformation in Eq. (13), the ν-dependent
number state is a squeezed state,
|ν, n, t〉 = Sˆ(ν, t)|n, t〉. (17)
The wave function Ψn(x, uν(t)) of Eq. (17) is an exact solution for the Hamiltonian in Eq.
(1), which belongs to the wave functions in Eq. (8). In an other way, we can directly show
that any invariant operator Oˆ(t) maps an exact state |Ψ0(t)〉 to another state Oˆ(t)|Ψ0(t)〉.
In fact, the quantum Liouville-von Neumann equation,
ih¯
∂
∂t
Oˆ(t) + [Oˆ(t), Hˆ(t)] = 0, (18)
leads to the time-dependent Schro¨dinger equation
ih¯
∂
∂t
(
Oˆ(t)|Ψ0(t)〉
)
= Hˆ(t)
(
Oˆ(t)|Ψ0(t)〉
)
(19)
whenever |Ψ0(t)〉 is a solution to the time-dependent Schro¨dinger equation. Note that the
squeeze operator in Eq. (12) is an invariant operator since it is a functional of the invariant
operators aˆ0(t) and aˆ
†
0(t). Thus, Sˆ(ν, t) generates the exact state |ν, n, t〉 out of the number
state |n, t〉, which is already an exact one.
As for the case of a time-independent oscillator [5], the displaced (coherent) state is an
eigenstate of the time-dependent annihilation operator [12, 16],
aˆν(t)|α, ν, t〉 = α|α, ν, t〉, (20)
for any complex constant α, and has the representation
|α, ν, t〉 = e−|α|2/2
∞∑
n=0
αn√
n!
|ν, n, t〉. (21)
The time-dependent displaced state in Eq. (21) is an exact quantum state of the Schro¨dinger
equation for the Hamiltonian in Eq. (1) since each |ν, n, t〉 is a solution to the Schro¨dinger
equation. In another formulation, we introduce the time-dependent displacement operator
Dˆ(α, t) = eαaˆ
†
ν
(t)−α∗aˆν(t), (22)
which is a functional of the invariant operators aˆ0(t) and aˆ
†
0(t) and, thus, is an invariant
operator. If the operator in Eq. (22) operates on the squeezed number state in Eq. (17),
we obtain the displaced and squeezed number state
|α, ν, n, t〉 = Dˆ(α, t)|ν, n, t〉 = Dˆ(α, t)Sˆ(ν, t)|n, t〉. (23)
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Using the relations
Dˆ(α, t) aˆν(t) Dˆ
†(α, t) = aˆν(t)− α,
Dˆ(α, t)aˆ†ν(t)Dˆ
†(α, t) = aˆ†ν(t)− α∗, (24)
we get another representation
|α, ν, n, t〉 = 1√
n!
[aˆν(t)− α∗]n|α, ν, t〉
=
e−|α|
2
√
n!
∞∑
k=0
αk√
k!
[aˆν(t)− α∗]n|ν, k, t〉. (25)
Being a sum of exact number states, the displaced and squeezed number state in Eq. (23)
or (25) is another exact quantum state of the time-dependent Schro¨dinger equation. In an
other way, Dˆ(α, t)Sˆ(ν, t), a product of invariant operators, is still another invariant operator
and, thus, maps the exact number state |n, t〉 into the displaced and squeezed number state
|α, ν, n, t〉, which, according to Eq. (19), is an exact quantum state of the time-dependent
Schro¨dinger equation for the Hamiltonian in Eq. (1).
The displaced and squeezed number state has the expectation values
xc(t) = 〈α, ν, n, t|xˆ|α, ν, n, t〉 =
√
h¯[αuν(t) + α
∗u∗ν(t)],
pc(t) = 〈α, ν, n, t|pˆ|α, ν, n, t〉 =
√
h¯m(t)[αu˙ν(t) + α
∗u˙∗ν(t)], (26)
and
〈α, ν, n, t|xˆ2|α, ν, n, t〉 = h¯u∗νuν(2n+ 1) + x2c ,
〈α, ν, n, t|pˆ2|α, ν, n, t〉 = h¯m2u˙∗ν u˙ν(2n+ 1) + p2c . (27)
Note that pc(t) = m(t)x˙c(t), and that xc(t) obeys the classical equation of motion in Eq.
(3). Inverting Eq. (26) for
α =
i√
h¯
[u∗ν(t)pc(t)−m(t)u˙∗ν(t)xc(t)],
α∗ = − i√
h¯
[uν(t)pc(t)−m(t)u˙ν(t)xc(t)], (28)
and using Eq. (24), we finally obtain the wave function for the displaced and squeezed
number state:
Ψn(x, xc, pc, uν(t)) =
(
1
2nn!
√
2pih¯ρν
)1/2
e−iΘν(n+1/2)eipcx/h¯
×Hn
(
x− xc√
2h¯ρν
)
exp
[
imu˙∗ν
2h¯u∗ν
(x− xc)2
]
, (29)
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where uν(t) = ρν(t)e
−iΘν(t). Thus, the wave functions in Eq. (29) are, up to a phase factor
eipcx/h¯, the wave functions in Eq. (8) with the center shifted to the classical trajectory xc(t).
Finally, we compare the wave functions in Eq. (29) of the displaced and squeezed number
states for a time-dependent oscillator with those of Ref. 1 for a static oscillator. The static
oscillator has a constant mass m0 and a frequency ω0. We may then choose
u0(t) =
1√
2m0ω0
e−iω0t, (30)
as the preferred solution to Eq. (3). If u0(t) is inserted into Eq. (8), it leads to the harmonic-
oscillator wave functions. Now, the displaced state with the most general solution, Eq. (9),
has the expectation value
xc(t) =
√
h¯
2m0ω0
[
(α cosh r − α∗eiφ sinh r)e−iω0t + (α∗ cosh r − αe−iφ sinh r)eiω0t
]
≡ x0 cosω0t+ p0
m0ω0
sinω0t, (31)
and pc(t) = m0x˙c(t). The classical trajectory has two integration constants: xc(0) = x0 and
pc(0) = p0. Then, the wave function in Eq. (29) becomes
Ψn(ν, xc, pc, x, t) =
1√
2nn!
(
Aν√
pi
)1/2
e−iΘν(n+1/2)eipcx/h¯
×Hn(Aν(x− xc))e−Bν(x−xc)2 , (32)
where
Aν(t) =
1√
2h¯u∗νuν
=
√
m0ω0
h¯
1
[cosh 2r + sinh 2r cos(2ω0t− φ)]1/2 ,
Bν(t) =
imu˙∗ν
2h¯u∗ν
=
m0ω0
2h¯
[
cosh reiω0t − eiφ sinh re−iω0t
cosh reiω0t + eiφ sinh re−iω0t
]
,
e−iΘν(t) =
[
cosh re−iω0t + e−iφ sinh reiω0t
cosh reiω0t + eiφ sinh re−iω0t
]1/2
. (33)
We can show, for the convention, m0 = ω0 = h¯ = 1, that
Aν(0) =
1
F4 , Bν(0) =
F2
2
, e−iΘν(0) = F1/23 , (34)
where F ’s in Eqs. (21)-(24) of Ref. 1 are given by
F2 = 1− i sinφ sinh r(cosh r + e
iφ sinh r)
(cosh r + cosφ sinh r)(cosh r + eiφ sinh r)
,
F3 = cosh r + e
−iφ sinh r
cosh r + eiφ sinh r
,
F4 = (cosh2 r + sinh2 r + 2 cosφ cosh r sinh r)1/2. (35)
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Thus, the wave functions in Eq. (20) of Ref. 1 for the static oscillator are special cases of
the wave functions in Eq. (32) at t = 0. Similarly, we show that
Aν(t) =
1
F4BA1/2 , Bν(t) =
F2 cos t + i sin t
2(cos t + iF2 sin t) , e
−iΘν(t) = (F3A)1/2, (36)
where A in Eq. (46) and B in Eq. (47) of Ref. 1 are given by
A =
F24 (cos t + iF2 sin t)− 2i sin t
F24 (cos t + iF2 sin t)
,
B = cos t + iF2 sin t. (37)
Hence, the wave functions in Eq. (32) of the time-dependent Schro¨dinger equation are the
same as Eq. (45) of Ref. 1 for the time-evolved displaced and squeezed states.
In summary, using the invariant method, we obtained the displaced (coherent) and
squeezed number states and their wave functions for a time-dependent oscillator. These
states for the time-dependent oscillator are an extension of the wave functions found by
Nieto for a static oscillator. The wave functions for the displaced and squeezed number
states are found to be the squeezed harmonic-oscillator wave functions centered around a
classical trajectory.
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